To generate the minimal neutrino Majorana mass matrix that has a free solar mixing angle and ∆m 2 sol = 0 it suffices to implement an O(2) symmetry, or one of its subgroups SO(2), Z N ≥3 , or D N ≥3 . This O(2) generalizes the hidden Z s 2 of lepton mixing and leads in addition automatically to µ-τ symmetry. Flavor-democratic perturbations, as expected e.g. from the Planck scale, then result in tri-bimaximal mixing. We present a minimal model with three Higgs doublets implementing a type-I seesaw mechanism with a spontaneous breakdown of the symmetry, leading to large θ13 and small ∆m 2 sol due to the particular decomposition of the perturbations under µ-τ symmetry.
I. INTRODUCTION
Several decades worth of neutrino experiments have shown that at least two neutrinos are massive-sub-eV-and are subject to substantial mixing. The Pontecorvo-Maki-Nakagawa-Sakata (PMNS) leptonic mixing matrix that connects flavor-and mass-eigenstates can be parameterized as a product of three unitary matrices U ij and a diagonal phase matrix in the form U PMNS = U 23 U 13 U 12 diag(1, e iα , e iβ ), or, explicitly in components (with c ij ≡ cos θ ij and s ij ≡ sin θ ij ): 
in a basis where the charged lepton mass matrix is diagonal. The CP-violating Majorana phases α and β are not observable in oscillation experiments and the Dirac phase δ CP only for nonvanishing reactor angle θ 13 = 0. The current best-fit values and confidence levels for the mass-squared differences and mixing angles are taken from Ref. [1] and listed in Tab. I. We also quote the 95% C.L. range for θ 13 Table I : Current neutrino oscillation parameters from global fits, taken from Ref. [1] . The upper (lower) row corresponds to normal (inverted) neutrino mass hierarchy, with ∆m While recent T2K [5] and Double Chooz [3] results indicate θ 13 = 0 [1, 6] , Eq. (3) can still be viewed as a good leading order approximation. The entries of U TBM are reminiscent of ClebschGordan coefficients, so it is not surprising that the TBM structure can be implemented by invoking symmetry groups. This is by no means a simple endeavor but by now there exist hundreds of TBM models based on discrete nonabelian symmetries such as A 4 , S 4 or ∆(54) (see Refs. [7] for recent reviews of this subject). To obtain the solar mixing angle sin 2 θ 12 = 1/3 one has to work a lot harder than for θ 13 = 0 = s 2 23 − 1/2, as the latter simply follows from the exchange symmetry µ ↔ τ (which is just a Z 2 symmetry, denoted by Z µτ 2 ). The Z µτ 2 invariant symmetric Majorana mass matrix for the neutrinos in flavor space has the structure
The solar mixing angle is not fixed by the Z µτ 2 , but given in terms of the entries of M µτ ν as:
where we assumed M ν to be real for simplicity, as we will do in the rest of this paper. The phenomenologically favored TBM value sin 2 2θ 12 = 8/9 can be obtained for a + b = c + d, as long as b = 0. This last condition is crucial, because for b = 0 = c+d−a, the solar angle is actually free, as we will show in this paper. The mass matrix then has an O(2) symmetry, the exact representation of which will be derived by us using two different motivations. One of them has already been discussed in Ref. [8] , where a model based on this O(2) symmetry (actually the SO(2) subgroup) is constructed, introducing two additional Higgs doublets and one triplet, i.e. implementing a type-II seesaw mechanism. While this model successfully transfers the SO(2) structure to the neutrino mass matrix, the necessary symmetry breaking is hardly discussed. The additional motivation for the O(2) symmetry that we add here is connected with a "hidden Z 2 " symmetry of lepton mixing [9, 10] , and the O(2) symmetry is interpreted here as a generalization of this Z 2 , leading in addition automatically to µ-τ symmetry. After providing a novel motivation for the O(2) symmetry, we discuss the breaking of said symmetry by the most general perturbations, but with a focus on flavor-democratic effects (for example from the Planck scale) as those immediately lead to TBM. To present an explicit realization of the symmetry, we use a type-I seesaw mechanism extended by two scalar doublets.
The layout of the paper is the following: In Sec. II we motivate the O(2) symmetry from different perspectives and identify the subgroups that lead to the desired Majorana mass matrix. Since the symmetry cannot be exact, we discuss the most general perturbations to this mass matrix in Sec. III, with a focus on the flavor-democratic structure imposed by Planck-scale perturbations. To illustrate a realization of this symmetry we build a minimal model using type-I seesaw in Sec. IV and show that the spontaneous breakdown can generate θ 13 in the T2K range. We conclude our work in Section V. Appendix A gives a brief overview of O(2) and its representations, while Appendix B gives an introduction to the hidden Z 2 associated with µ-τ symmetry, as it serves as a motivation for the O(2) used in our work.
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We identify G O as the most general reflection (see Eq. (A5)) acting on ν O ∼ 2 ⊕ 1, (ν µ − ν τ )/ √ 2 being the singlet. For the doublet we can choose the basis (ν e , (ν µ + ν τ )/ √ 2) T ∼ 2. The set {G(θ), θ ∈ R} from Eq. (6) forms the subset of O(2) with determinant −1, so to construct the whole O(2) we need to find the associated rotations. As a rotation can be written using two reflections, we immediately arrive at the representation in flavor space
The rotations (9) and reflections (6) span the group O(2) that generalizes the hidden Z s 2 , which is why we named it "hidden" O(2). As special cases we note that the reflection G(0) = diag(−1, 1, 1) can be interpreted as the generator of a Z 2 connected to the electron number, i.e. ν e is odd under this Z 2 while ν µ and ν τ are even, as well as
which generates the µ-τ exchange symmetry Z µτ 2 .
and
is generated by R(2π/N ) and e.g. G(0) (any reflection really), as they satisfy the multiplication rules [7] [R(2π/N )]
One can show that D N >3 and Z N >3 also fix the form (11), so we conclude that the Majorana mass matrix M deg ν can be obtained by imposing O(2) or D N ≥3 as generated by R in Eq. (9) and G in Eq. (6), or SO(2) or Z N ≥3 as generated by R.
As far as nonsymmetric matrices go, e.g. Dirac mass matrices, the invariance condition under SO (2) 
whereas invariance under O(2) or D N (N ≥ 3) sets c = 0 as it flips sign under reflections. For Dirac matrices we also have the option that the left-handed fields L α and the right-handed fields α transform differently under the SO(2), i.e. L α → R αβ L β and α → α . This fixes the form
resulting in only one massive particle. This is not surprising as we couple the O(2) representation 2 ⊕ 1 of L α to the 1 ⊕ 1 ⊕ 1 representation of α , which allows only one invariant term unless we introduce Higgs doublets that transform under SO(2) (see Sec. IV). The coupling of 2 ⊕ 1 to 2 ⊕ 1 from Eq. (14) on the other hand allows for two invariants, a mass for the singlet and for the doublet. The form of Eq. (15) does not change when extending the symmetry to O(2), as long as one of the right-handed particles transforms as 1 (instead of 1 which is odd under reflections (see App. A)). Once again the discrete symmetries Z N and D N (N ≥ 3) suffice to obtain Eq. (15) . In the concrete model of Sec. IV we will find that three nonzero charged lepton masses are much easier to obtain in an SO(2) than in an O(2) symmetric model. This makes of course no difference for Majorana neutrinos, at least in the exact symmetry limit.
B. Vanishing ∆m 2 sol
In this section we give an entirely different motivation for our O(2) symmetry. The TBM mixing matrix (3) can be obtained from the neutrino mass matrix (in a basis where the charged lepton mass matrix is diagonal)
as long as the masses are different. For degenerate masses we end up with an undefined mixing angle. Since phenomenologically ∆m 2 sol ∆m 2 atm we take m 1 = m 2 as a first approximation:
This matrix can be diagonalized by θ 23 = −π/4, θ 13 = 0 and arbitrary θ 12
Flavor democratic perturbations would then obviously fix θ 12 to its TBM value. Since U 12 (θ 12 ) is an SO(2) rotation, we find that M deg ν is invariant under the SO(2) in flavor space
i.e.
ν . This can be extended to an O(2), because due to the texture zeroes we also have invariance under the reflection diag(−1, 1, 1):
which has the same form in flavor and mass basis. M deg ν therefore possesses the O(2) symmetry generated by R(θ) and diag(−1, 1, 1), as well as all their subgroups, which we discussed in the previous section.
From this discussion it is clear that the chosen
as picked out by the hidden Z 2 from Eq. (6), is preferable over other O(2) representations. This is because the doublet representation necessarily results in two degenerate masses, so we should select the smallest ∆m 2 ij for the doublet. Furthermore the subgroup Z µτ 2 fixes θ 13 = 0, so our representation sets all "small" neutrino mixing parameters (∆m 2 sol and θ 13 ) to zero. The decomposition of the TBM mass matrix (16) and the invariance of the different terms under discrete symmetries have been discussed in Refs. [13] (so-called tripartite model), where the Z 3 symmetry (12) that leads to M deg ν was recognized and implemented. The overlying O(2) symmetry has been discussed in Ref. [8] , where a type-II seesaw model with SO(2) symmetry was constructed. Since the symmetry is violated at least by the measured ∆m 2 sol = 0, one should however also take perturbations into account to build a viable model. For this reason we devote the next section to a discussion of breaking effects. The model from Sec. IV will also feature a discussion of the perturbations necessary to accommodate the data from Tab. I.
III. SYMMETRY BREAKING
The O(2) symmetry discussed so far can of course not be an exact symmetry due to the wellmeasured ∆m 2 sol = 0. In this section we will discuss possible breaking effects, i.e. perturbations to M deg ν . We analyze the most general perturbations, but first look at the interesting special case of flavor-democracy as generated for instance by gravity-effects, because they add exactly a mass term of the form we neglected from Eq. (16) to find M deg ν . Though there may be other sources of perturbation that are flavor democratic, we base for definiteness our discussion in the following subsection on Planck-scale effects. We then turn to the general discussion of breaking effects, and how their effect correlates with the flavor structure of the perturbation matrices. We do not consider contributions to U PMNS from the charged-lepton sector, but these can of course be used to generate θ 13 , just like in other TBM models [14] . Renormalization group effects can also lead to sizable [15] θ 13 , but we have nothing new to add to the discussion. We merely note that in our model it is not possible to generate the right ∆m 2 sol and a large θ 13 purely through radiative corrections. As a final remark, in this and the following section (which deals with an explicit model) we will keep the parameters real, which simplifies the formulae but apart from that does not lead to reduced physical insight in what regards the effect of the perturbations. The main purpose here is to note the presence of O(2) invariance in the lepton sector.
A. Breaking at the Planck Scale
The O(2) discussed here is just a global symmetry and will therefore be broken at the Planck scale M Pl and maybe even explicitly or spontaneously (which could lead to a dangerous Goldstone boson). Planck scale effects generate the dimension-five Weinberg operator [16] 
where σ j acts on the SU (2) L indices of the doublets H and L α , the charge-conjugation matrix C on spinors and C αβ describe the flavor-dependent coupling constants. The second equality in Eq. (21) follows from a Fierz identity and can be viewed as a different isospin coupling of the doublets. Gravity is expected to ignore the flavor structure, so one usually assumes C αβ = C, which results in the flavor democratic 3 contribution [17, 18] δM
with µ v 2 EW /M Pl 5 × 10 −6 eV. The above flavor structure of course assumes a diagonal mass matrix of the charged leptons. Since O 5 can only be properly calculated in a theory of quantum gravity, we have no knowledge of the additional coupling constant C. It is usually assumed to be O(1) but we stress that it might differ significantly. For example, using the reduced Planck mass instead of M Pl gives µ → √ 8πµ, while from Eq. (21) it is clear that an additional factor of two originates from the SU (2) L structure of O 5 (as pointed out in Ref. [19] ), so the scale of δM (16)). We stress that TBM can be obtained from the simplest continuous group SO(2) (or O(2)) as it is automatically broken to TBM by the flavor-democracy of gravitational effects. Concrete realizations of this symmetry in a UV-complete model will of course turn out to be more complicated, much like models that use discrete symmetries to obtain TBM.
On to the masses: the eigenvalue m 2 is shifted to m 1 + 3Cµ, so m 1 and Cµ have to have the same sign. The induced solar mass splitting is given by
so we would need C of order O(100) rather than O(1). This could happen via breaking slightly below the Planck scale, e.g. in extra-dimensional theories where the "true" Planck scale M * is reduced [17] , 4 
B. Model Independent Perturbations
Without specifying the origin of the O(2) symmetry, we might as well introduce general perturbations
which we have separated into a µ-τ symmetric (δM 
and the mass splitting ∆m 2 sol
We crosscheck that θ 12 is undefined if δM ν is of the O(2) symmetric form (11) and leads to TBM if all entries in δM ν are equal as in δM To illustrate the points discussed so far, we show some scatter plots of the mixing angles in Fig. 1 , where we introduced an arbitrary perturbation matrix to our O(2) invariant mass matrix (11) with a scale (δM ν ) ij ε m ν compared to the largest neutrino mass m ν . While θ 23 is only slightly (2)). To not clutter the plot, we only show the NH ranges for θ13, the IH confidence levels vary slightly.
perturbed around its TBM value, θ 12 is distributed approximately uniformly over [0, π/2], because for perturbations larger than those from the Planck scale (22) the value of θ 12 depends crucially on the direction of the perturbation, i.e. which entry in δM ν is dominant.
The above formulae (25)-(26) suggest ∆m 
While this softens the behavior discussed below Eq. (27), we can still find the basic structure of δM as in the scatter plots of Fig. 2 , especially the necessary large deviations from TBM for NH.
IV. MINIMAL MODEL FOR TYPE-I SEESAW
To generate three different masses for the charged leptons and not influence the PMNS matrix too much with mixing from the charged leptons, we have to introduce two more Higgs doublets that form an O(2) vector (φ 1 , φ 2 ) ∼ 2 in addition to the usual Higgs φ 3 ∼ 1 [8] . 5 We will first take a look at the neutrino sector.
A. Neutrino Masses
Putting the right-handed neutrinos into O(2) singlets (N R ∼ 1 ⊕ 1 ⊕ 1), we can write down the invariant terms (SU (2) 
In the first line we just coupled the singlets together, while the second uses 2 ⊗ 2 ⊃ 1 to build a singlet. The third line uses 2 ⊗ 2 ⊃ 1 , so the Y 7 -Y 9 terms are not O (2) invariant. This can be seen by applying the reflection G(0), under which L e and φ 1 flip signs. We keep these terms for now to see the differences in imposing O(2) and SO (2) . Putting everything together, the singlets in Eq. (30) follow from the decomposition (2 ⊕ 1)
, 6 which leads to the Dirac mass matrix
Since the N i are total singlets of the symmetry group, their Majorana mass matrix M R is arbitrary and can be taken to be diagonal. Invoking the seesaw mechanism in the symmetry limit v 1,2 = 0 we find only one massive neutrino, corresponding to ν µ − ν τ . This is obvious because only this SO(2) singlet couples to a right-handed partner and can become massive. While this could be interesting for a normal hierarchy scheme, we would rather build a model that leads to the most general SO(2) symmetric Majorana mass matrix. We will show in the following how this can be accomplished. We introduce three right-handed neutrinos N in the same SO(2) representation as L . The Majorana mass matrix M R is therefore of the form (11) , and since it is in general nonsingular, the inverse M −1 R is also of the form (11) . The Dirac mass matrix connecting N and ν stems from the decomposition (2 ⊕ 1)
3 ⊃ (4 × 1) ⊕ (3 × 1 ), i.e. the Lagrangian reads: (2)). To not clutter the plot, we only show the NH ranges for θ13, the IH confidence levels vary slightly.
Here p 5 -p 7 denote the 1 terms, which are not O(2) invariant. We once again keep these terms to make the discussion more general. This results in the Dirac matrix
It is obvious that we obtain an SO(2) symmetric m D (14) for v 1 = v 2 = 0, which after seesaw leads to an SO(2) symmetric M ν (11) for the light active neutrinos, broken by δm D (v 1,2 ). This generates a nonzero ∆m 2 sol and deviations from θ 23 = −π/4 and θ 13 = 0, as we will show now. We use the perturbation theory from Sec. III B for v 1,2 v 3 . We note that m 
is a µ-τ antisymmetric matrix δM as (even-even-odd), which generates θ 13 = 0 To illustrate the discussion made so far we show scatter plots for the mixing angles of U ν in Fig. 2 . Here we used values v 1,2 = O(1) GeV and real Yukawa couplings |p j | ∈ [0.01, 3], while the largest neutrino mass is chosen to lie in the range 0.05-1 eV. As already discussed at the end of Sec. III B, the normal hierarchy solutions demand large deviations from TBM, while inverted hierarchy is valid even for small θ 13 .
B. Charged Leptons
Taking the right-handed charged leptons in singlets of O(2)-R ∼ 1 ⊕ 1 ⊕ 1-results in the mass matrix from Eq. (31):
Defining the three vectors of Yukawa couplings a
(the latter corresponding to the nontrivial O(2) singlets 1 ), we can write down (assuming real Yukawa couplings and vevs)
Since we want to employ the vev hierarchy v 1,2 ∼ 1 GeV v 3 ∼ 100 GeV, it is clear that all Yukawa couplings to φ 3 , i.e. a, have to be reduced to at least 10 −2 to arrive at the upper lepton mass scale m τ ∼ 1 GeV. With the other Yukawa couplings of order one, the vectors A, B and C are of similar magnitude, baring cancellations. The charged lepton mass matrix is diagonalized using
Since U L will also contribute to the PMNS matrix U PMNS = U † L U ν , we need U L 1 since U ν obtained in the previous section is already a good approximation to TBM. Consequently, M M † should be almost diagonal, which means the vectors A, B and C should be almost orthogonal, with magnitudes roughly m e , m µ and m τ , respectively. Actually, the magnitudes are already sufficient because of the strong hierarchy, so the angles α AB , α AC and α BC between the vectors are not that important. Specifically we find roughly
with c IJ ≡ cos α IJ , which only leads to minor contributions to U PMNS even for large angles α IJ . The dominant effect s 23 → s 23 − c 23 c BC m µ /m τ can be used to soften the strong deviation from maximal mixing predicted by our model for large θ 13 (see Fig. 2 ), while θ 13 gets shifted to s 13 → s 13 − c AB m e / √ 2m µ , at most a 10 −3 effect. To make |A| ∼ m e , we need roughly |b + c| ∼ 10 −3 for v 1 ∼ v 2 ∼ 1 GeV, which is the harshest finetuning in our model. In the limit v 1 ∼ v 2 , c ∼ −b, the other Yukawa couplings need to satisfy |v 3 a − 2v 1 c| 2m µ and |v 3 a + 2v 1 c| 2m τ , so as expected we need |a| ∼ 10 −2 and |c| ∼ 1. As a special case of this model, we can consider the stricter O(2) symmetry instead of SO(2). The neutrino sector barely changes, but we can explicitly determine tan θ 12 as v 1 /v 2 or v 2 /v 1 , depending on the neutrino hierarchy and other Yukawa couplings. In the charged lepton sector the O(2) symmetry sets c ≡ 0, which leads to a massless charged lepton ∼ (v 2 , −v 1 / √ 2, −v 1 / √ 2) and typically large mixing between the two massive ones. The diagonalizing matrix U L is therefore similar to U ν from the neutrino sector, making U PMNS = U † L U ν hard to reconcile with data. We can also try different representations for R for O(2) symmetry. With R ∼ 1 ⊕ 1 ⊕ 1 or R ∼ 1 ⊕ 1 ⊕ 1 we find the restriction a, b ⊥ c, which does not lead to a valid lepton sector. The case R ∼ 1 ⊕ 1 ⊕ 1 only allows for one massive lepton, namely
, which is a bad choice as we can not make this the tauon and therefore have large mixing in U L . Using higher O(2) representations-R ∼ 2 (2) ⊕ 1 or R ∼ 2 (2) ⊕ 1 -is also possible, but typically leads to large mixing in U L as well.
V. CONCLUSIONS
We discussed the unique O(2) symmetry-and its subgroups SO (2) , Z N and D N -connected to the solar mixing angle and ∆m 2 sol = 0, motivated by the phenomenological observation ∆m 2 sol ∆m 2 atm . Moreover, it generalizes the hidden Z 2 symmetry and leads in addition to µ-τ symmetry. The global O(2) is at most an approximate symmetry, as it is broken at least at the Planck scale. These flavor-democratic gravitational perturbations pick out the TBM value θ 12 = arcsin(1/ √ 3) and generate ∆m 2 sol = 0, however in general too small unless we modify the Planck scale or coupling a bit. We stress that the particle-physics Lagrangian can have an O(2) symmetric M ν that is automatically broken to TBM by flavor-democratic corrections. We constructed a type-I seesaw model with three Higgs doublets that leads to SO(2) symmetric mass matrices for the leptons. Breaking the symmetry in the GeV-range can generate an almost diagonal charged-lepton mass matrix and an approximately SO(2) symmetric Majorana mass matrix with dominantly µ-τ antisymmetric perturbations, so θ 13 naturally receives the largest perturbations. The solar mixing angle θ 12 on the other hand depends on the vevs and several Yukawa couplings and is almost randomly distributed, so a large θ 12 is expected. There are approximate correlations between the mixing angles that can be tested experimentally.
Besides the trivial representation 1, there is another one-dimensional representation 1 generated by R = 1 and P = −1, so X ∼ 1 flips its sign under reflections. There are infinitely many twodimensional representations 2 (n) (n ∈ N), transforming with multiples of the angle θ, i.e.
under rotations. Since we do not make use of different 2 (n) in the main part of this paper, we set 2 ≡ 2
(1) for convenience. The tensor product of two two-dimensional representations can be decomposed as follows (m > n):
x 1 x 2 2 (n) ⊗ y 1 y 2 2 (n) = (x 1 y 1 + x 2 y 2 ) 1 ⊕ (x 1 y 2 − x 2 y 1 ) 1 ⊕ x 1 y 1 − x 2 y 2 x 1 y 2 + x 2 y 1 2 (2n) ,
x 1 x 2 2 (n) ⊗ y 1 y 2 2 (m) = x 1 y 1 − x 2 y 2 x 1 y 2 + x 2 y 1 2 (m+n) ⊕ x 1 y 1 + x 2 y 2 x 1 y 2 − x 2 y 1 2 (m−n) .
Nontrivial tensor products with singlets are given by 1 ⊗ 1 = 1 and
The representation theory for the subgroup SO(2) follows from the above discussion with the remark that 1 = 1 , i. . . , N − 1, n = 0, 1) are not of crucial importance for this work, so we omit a detailed discussion. The representation theory for the nonabelian D N ≥3 can be found in Ref. [7] and Ref. [21] .
Appendix B: Hidden Z2
This appendix is devoted to a short discussion of the so-called hidden Z 2 , named after its unavoidable appearance in any µ-τ symmetric Majorana mass matrix (for simplicity assumed to be real). Defining the generator of the µ-τ interchange symmetry in flavor basis
